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2.1
, :I $(=[0,1]^{3})$ . ,
I $(=(0,1)^{3})$ $\partial \mathrm{I}$ ,
$\Delta u$ $=$ $f$ inI(2.1)
$u$ $=g$ on $\partial \mathrm{I}$ (2.2)
, \Delta 1 $u_{xx}+u_{yy}+u_{zz}(= \frac{\partial^{2}u}{\partial x^{2}}+\frac{\partial^{2}u}{\partial y^{2}}+\frac{\partial^{2}u}{\partial z^{2}})$ .
2.2
, :I $(=[0,1]^{3})$ $h=1/N$ N
. , I $(=(0,1)^{3})$ , $(ih,j.h, kh),$ $(1\leq$
$i,j,$ $k\leq N-1)$
2.3
, $\text{ }[9_{1}$ 27 .
, Fig. 1 : $[(i-1)h, (i+1)h]\cross[(j-1)h, (j+1)h]\cross$
$[(k-1)h, (k+1)h]$ . , $u(ih,ih, kh)=u,$ $f(ih,i^{h,kh})=f$
. , $(ih,jh, kh)$ $\sqrt$mh $(m=1,2,3)$
$u$ $\Sigma_{\sqrt{m}}u$ . ,
$\Sigma_{1}u$ $=$ $\Sigma_{\pm}u(ih\pm h,jh, kh)+\Sigma_{\pm}u(ih,jh\pm h, kh)$
$+ \sum_{\pm}u(ih,jh,‘ kh\pm h),$ . (2.3)
$\Sigma_{\sqrt{2}}u$ $=$ $\Sigma_{\pm}u(ih\pm h,jh\pm h, kh)+\Sigma_{\pm}u(ih,jh\pm h, kh\pm h)$
$+\Sigma_{\pm}u(ih\pm h,jh, kh\pm h)$ , (2.4)
$\Sigma_{\sqrt{3}}u$ $=$ $\Sigma_{\pm}u(ih\pm h,jh\pm h, kh\pm h)$ (2.5)
. , : $\sum_{\pm}$ , , +
. , : $\sum_{\sqrt{m}}u$
, $f$ , : $\sum_{1}f,$ $\sum_{\sqrt{2}}f,$ $\sum_{\sqrt{3}}f$ .
Fig. 1 , $\sum_{1},$ $\sum_{\sqrt{2}},$ $\sum_{\sqrt{3}^{\text{ }} }0\text{ }$ , $\bullet$ .
$\sum_{1}u,$ $\sum_{\sqrt{2}}u,$ $\sum\sqrt{3}u$ 6 , 12 , 8 .
13
Fig. 1 Three groups of gridpoints at a distance of $\sqrt{m}h(m=1,2,3)$
from the central point $(ih,jh, kh)$ in a single cell.
2.4 Taylor $\Sigma mu$
, Taylor $\text{ }\sum\sqrt{m}u(m=1,2,3)$ .
, $(\dot{i}h,jh, kh)$ Taylor , .
$u(ih\pm h,jh, kh)=u$ $+$ $\frac{h}{1!}(\pm\frac{\partial}{\partial x})u+\cdots$
$+$ $\frac{h^{m}}{m!}(\pm\frac{\partial}{\partial x})^{m}u+O(h^{m+1})$ , (2.6)
$u(ih\pm h,jh\pm h, kh)=u$ $+$ $\frac{h}{1!}(\pm\frac{\partial}{\partial x}\pm\frac{\partial}{\partial y})u+\cdots$
$+$ $\frac{h^{m}}{m!}(\pm\frac{\partial}{\partial x}\pm\frac{\partial}{\partial y}1^{u}.’.+O(h^{m+1})$ , (27)
$u(ih\pm h,jh\pm h, kh\pm h)=u$ $+$ $\frac{h}{1!}(\pm\frac{\partial}{\partial x}\pm\frac{\partial}{\partial y}\pm\frac{\partial}{\partial z})u+\cdots$
$+$ $\frac{h^{m}}{m!}(\pm\frac{\partial}{\partial x}\pm\frac{\partial}{\partial y}\pm\frac{\partial}{\partial z})mu+O(h^{m+1})(2.8)$
. , $\sum_{\sqrt{m}}u(m=1,2,3)$ 10
( , $X=xx,$ $\mathrm{Y}=yy,$ $Z=zz$
).
$\Sigma_{1}u$ $=$ $6u+h^{2}(u_{X}+u_{\mathrm{Y}}+u_{z})+ \frac{h^{4}}{12}(u_{XX}+u_{\mathrm{Y}\mathrm{Y}}+u_{zz})$
$+ \frac{h^{6}}{360}(u_{\mathrm{x}}X\mathrm{x}+u_{\mathrm{Y}}\mathrm{Y}Y+u_{zzZ})$
14
$+ \frac{h^{8}}{20160}(u_{\mathrm{x}XXX}+u\mathrm{Y}\mathrm{Y}YY+uzZzZ)+O(h^{10})$ , (2.9)





$+ \frac{h^{8}}{144}(u_{x}XYY+u_{YYZZ}+u_{ZZXX})+O(h^{10})$ , (2.10)
$\sum_{\sqrt{3}}u$ $=$ $8u+4h^{2}(u_{X}+u_{Y}+u_{z})+ \frac{h^{4}}{3}(u_{XX}+u_{\mathrm{Y}Y}+u_{ZZ})$
+2$h^{4}(u_{X\mathrm{Y}}+u_{\mathrm{Y}Z}+uzX)+ \frac{h^{6}}{90}(u\mathrm{x}XX+u_{\mathrm{Y}}YY+uZZz)$




$+ \frac{h^{8}}{12}(u_{\mathrm{x}}XYZ+u_{YYZX}+u_{ZZXY})+O(h^{10})$ . (2.11)
2.5 2
\Delta u $=f$ 2 , $\sum_{\sqrt{m}}u(m=1,2,3)$
4 . (2.9), (2.10), (2.11)
.
$\Sigma_{1}u$ $=$ $6u+h^{2}(u_{X}+u_{\mathrm{Y}}+u_{Z})+O(h^{4})$
$=$ $6u+h^{2}\Delta u+O(h^{4})$ , (2.12)
$\sum_{\sqrt{2}}u$ $=$ $12u+4h^{2}(u_{X}+u_{Y}+u_{z})+O(h^{4})$
$=$ $12u+4h^{2}\Delta u+O(h^{4})$ , (2.13)
$\Sigma_{\sqrt{3}}u$ $=$ $8u+4h^{2}(u_{\mathrm{x}}+u_{Y}+u_{z})+O(h^{4})$
$=$ $8u+4h^{2}\Delta u+O(h^{4})$ . (2.14)
15
, $u_{X}+u_{Y}+u_{Z}=f$ , $u$ ,
\Delta u $=f$ 2 .
$\frac{1}{h^{2}}(\sum_{1}u-6u)$ $=$ $f+O(h^{2})$ , (2.15)
$\frac{1}{h^{2}}(\sum_{\sqrt{2}}u-12u)$ $=$ $4f+O(h^{2})$ , (2.16)
$\frac{1}{h^{2}}(\sum_{\sqrt{3}}u-8u\mathrm{I}$ $=$ $4f+O(h^{2})$ . (2.17)
, , (2.15) 7 , (2.16)
13 , (2.17) 9 , 1 .
2.6 4
\Delta u $=f$ 4 , $\sum_{\sqrt{m}}u(m=1,2,3)$
6 . , (2.9), (2.10), (2.11)
.
$\Sigma_{1}u$ $=$ $6u+h^{2}(u_{X}+u_{\mathrm{Y}}+u_{Z})+ \frac{h^{4}}{12}(u_{XX}+u_{Y\mathrm{Y}}+u_{zz})+O(h^{6})$, (2.18)
$\Sigma_{\sqrt{2}}u$ $=$ $12u+4h^{2}(u_{\mathrm{x}}+u_{Y}+u_{z})+ \frac{h^{4}}{3}(u_{XX}+u_{YY}+u_{zz})$
$+h^{4}(u_{X\mathrm{Y}}+u_{\mathrm{Y}Z}+u_{ZX})+O(h^{6})$ , (2.19)
$\Sigma_{\sqrt{3}}u$ $=$ $8u+4h^{2}(u_{\mathrm{x}}+u_{\mathrm{Y}}+u_{Z})+ \frac{h^{4}}{3}(u_{XX}+u_{Y\mathrm{Y}}+u_{zz})$
$+2h^{4}(u_{XY}+u_{YZ}+u_{ZX})+O(h^{6})$ . (2.20)
, $u$ , $u$
$f$ .
.
$u_{X}+u_{Y}+u_{z}$ $=$ $f$ , (2.21)
$u_{XX}+u_{YY}+u_{zz}+2u_{X\mathrm{Y}}+2u_{YZ}+2u_{ZX}$ $=$ $f_{X}+f_{\mathrm{Y}}+f_{Z}$ . (2.22)
(2.18), (2.19), (2.20) , (2.22)
. , .
(a) $(2.18),(2.19)$ .
$2 \sum_{1}u+\sum_{\sqrt{2}}u$ $=$ $24u+6h^{2}(u_{X}+u_{Y}+u_{z})$
$+ \frac{h^{4}}{2}(u_{XX}+u_{YY}+u_{zz}+2u_{XY}+2u_{YZ}+2u_{ZX})+O(h^{6})$ .
(b) $(2.18),(2.20)$ .




$4 \sum_{\sqrt{2}}u-\sum_{\sqrt{3}}u$ $=$ $40u+12h^{2}(u_{X}+u_{Y}+u_{z})$
$+h^{4}(u_{XX}+u_{YY}+u_{ZZ}+2u_{XY}+2u_{\mathrm{Y}Z}+2u_{ZX})+O(h^{6})$ .
, (2.21), (2.22) $f_{X}+f_{\mathrm{Y}}+f_{z}$ 2
$f_{X}+f_{Y}+f_{z}= \frac{1}{h^{2}}(\sum_{1}f-6f)+O(h^{2})$ (2.23)
, \Delta u $=f$ 4 .






, , (2.24) 19 ,
(2.25) 15 , (2.26) 21 . - , .1
7 . ,
28 [$\mathrm{I}\mathrm{C}$ ] .
2.7 6
\Delta u $=f$ 6 , $\sum_{\sqrt{m}}u(m=1,2,3)$
8 . , (2.9), (2.10), (2.11)
.
$\Sigma_{1}u$ $=$ $6u+h^{2}(u_{X}+u_{Y}+u_{Z})+ \frac{h^{4}}{12}(u_{XX}+u_{YY}+u_{zz})$
$+ \frac{h^{6}}{360}(u_{Xxx}+u_{\mathrm{Y}\mathrm{Y}Y}+u_{zzz})+O(h^{8})$, (2.27)











, $u$ . ,






$+h^{6}\gamma u_{X\mathrm{Y}}Z+O(h^{8})$ . (2.30)
, (2.30) 2 $u$ 2 (2.21)
. , 3, 4 $u$ 4 (2.22) ,
2 $( \frac{\alpha}{12}+\frac{\beta}{3}+\frac{\gamma}{3})=\beta+2\gamma$ (2.31)
. , 5, 6, 7 $u$ 6 (2.21)










$a$ $=$ $\frac{\alpha}{360}+\frac{\beta}{90}+\frac{\gamma}{90}$ , (2.34)
$a+b=$ $\frac{\beta}{12}+\frac{\gamma}{6}$ , (2.35)
$3b=$ $\gamma$ . (2.36)
(2.31), (2.34), (2.35), (2.36) , (2.30) $u$
. $\alpha,$ $\beta,$ $\gamma$
, $t$ $0$ .
$\alpha=14t,$ $\beta=3t,$ $\gamma=t$ .
, 6 , 27








$+ \frac{h^{4}}{90}(fX\mathrm{Y}+f\mathrm{Y}Z+f_{zx})+O(h^{6})$ . (2.38)
271 $f$ 6
, 6 , (2.38)
6 . , 27
f , f
. , $h,$ $\sqrt{2}h,$ $\sqrt{3}h$
27 , $( \text{ _{ } }\frac{1}{2}h,$ $c_{2}2h,$ $c3h2$
) $f$ . $f$
, f .
$\sum\frac{1}{2}f$
$=$ $\sum_{\pm}f(ih\pm\frac{1}{2}h,jh, kh)+\Sigma_{\pm}f(ih,jh\pm\frac{1}{2}h, kh)$
$+ \sum_{\pm}f(ih,jh, kh\pm\frac{1}{2}h)$ , (2.39)
$\sum \mathrm{g}_{2}f$
$=$ $\sum_{\pm}f(ih\pm\frac{1}{2}h,jh\pm\frac{1}{2}h, kh)+\sum_{\pm}f(ih,jh\pm\frac{1}{2}h, kh\pm\frac{1}{2}h)$
$+ \Sigma_{\pm}f(ih\pm\frac{1}{2}h,jh, kh\pm\frac{1}{2}h)$ , (2.40)
$\Sigma 2^{f}$ $=$
$\Sigma_{\pm}f$ ( $ih \pm\frac{1}{2}h,jh$ , $kh \pm\frac{1}{2}h$ ). (2.41)
19
(2.38) , .
$\sum_{1}f$ $=$ $6f+h^{2}(f_{X}+f_{Y}+f_{z})+ \frac{h^{4}}{12}(f_{\mathrm{x}x}+f_{YY}+f_{zz})+O(h^{6})$, (2.42)
$\sum_{\sqrt{2}}f$ $=$ 12$f+4h^{2}(fx+f_{\mathrm{Y}}+f_{z})$
$+ \frac{\text{ ^{}4}}{3}(f_{xx}+f_{\mathrm{Y}Y}+f_{zZ})+\text{ }4(f_{X}\mathrm{Y}+fYz+fzx)+O(h^{6})$ , (2.43)
$\Sigma_{\sqrt{3}}f$ $=$ $8f+4h^{2}(fx+f_{\mathrm{Y}}+f_{z})$
$+ \frac{\text{ ^{}4}}{3}(f_{x}x+f\mathrm{Y}Y+fzZ)+2\text{ ^{}4}(f_{XY}+f_{Y}z+f_{zX})+O(h^{6})$ , (2.44)
$\sum_{\frac{1}{2}}f$ $=$
$6f+ \frac{\text{ ^{}2}}{4}(f\mathrm{x}+f\mathrm{Y}+f_{z})+\frac{\text{ ^{}4}}{192}(f\mathrm{x}X+f_{Y\mathrm{Y}}+fZZ)+O(\text{ ^{}6})$, (2.45)
$\sum_{\mathrm{E},2}f$
$=$ 12$f+h^{2}(fx+f\mathrm{Y}+f_{z})$
$+ \frac{h^{4}}{48}(f_{\mathrm{x}}X+f_{\mathrm{Y}Y}+f_{zz})+\frac{h^{4}}{16}(f_{XY}+f_{\mathrm{Y}Z}+f_{ZX})+O(h^{6})$ , (2.46)
$\Sigma_{\mathrm{L}s,2}f$
$=$ $8f+\text{ ^{}2}(f_{x}+f_{Y}+f_{z})$
$+ \frac{\text{ ^{}4}}{48}(f_{xx}+fY\mathrm{Y}+f_{ZZ})+\frac{\text{ ^{}4}}{8}(fX\mathrm{Y}+fYZ+f_{z\mathrm{x}})+O(\text{ ^{}6})$ . (2.47)
(2.42) $\sim(2.47)$ (2.42), (2.43), (2.44) (2.45), (2.46),
(2.47) – 9 , 3
9 .
[16]. Table 1 9 . ,
$\mathrm{a}_{1},$





Table 1. Coefficients of the right-hand side of discretized equation: (2.48).
( ) ( )
$a_{1}$ $a_{2}$ $a_{3}$ $a_{4}$ $a_{5}$ $a_{6}$ $a_{7}$
(i) $- \frac{1}{36}$ $\frac{1}{90}$ $\frac{4}{15}$ $- \frac{17}{30}$
(ii) $- \frac{1}{90}$ $\frac{1}{144}$ $\frac{1}{15}$ $\frac{11}{60}$
(iii) $\frac{1}{180}$ $\frac{1}{360}$ $\frac{1}{15}$ $\frac{2}{5}$
Lynch (iv) $- \frac{1}{180}$ $\frac{1}{180}$ $\frac{4}{15}$ $- \frac{11}{18}$
(v) $\frac{1}{360}$ $\frac{1}{288}$ $\frac{1}{15}$
(vi)
$90$
$\frac{1}{720}$ $\frac{1}{15}$ $\text{ _{}8}$
(vii) $- \frac{1}{360}$ $\frac{1}{144}$ $\frac{4}{15}$ $- \frac{28}{45}$
(viii) $\frac{1}{720}$ $\frac{1}{360}$ $\frac{1}{15}$ $\frac{29}{180}$
(ix) $\frac{1}{180}$ $- \frac{1}{720}$ $\frac{1}{15}$ $\frac{37}{90}$
20
2.8 $\mathrm{I}\mathrm{C}$
ICCG 1 , $\mathrm{I}\mathrm{C}$
[7]. , , 4 :(224),






, 4 (2.26) , (2.24), (2.25)
,
. , \langle . ,
, (2.26) , (2.24), (2.25) , $\langle$ ,




. , – ,
[19]. , , $Narrow\infty$
, $N=100$ . , (2.26) ,
, $\cos\frac{\pi}{N}$ .
$Narrow\infty$ $N=100$
(2.24) a $\frac{6+\cos\frac{\pi}{N}+\cos^{l}\frac{\pi}{N}}{6-3\cos\frac{\pi}{*\mathrm{r}}-3\cos^{2}\frac{\pi}{\mathrm{n}\mathrm{r}}}$ $\sim\frac{16N^{l}}{9\pi^{2}}$ 1801
(2.25) $\frac{7+6\cos\frac{\pi}{N}+\cos^{s_{\frac{\pi}{N}}}}{7-6\cos\frac{\pi}{N}-\cos^{3}\frac{\pi}{N}}$ $\sim\frac{28N^{\mathrm{z}}}{9\pi^{2}}$ 3152
(2.26) 38205
6 $\frac{32+21\cos\frac{\pi}{N}-9\cos z\frac{\pi}{N}+2\cos s\frac{\pi}{N}}{32-21\cos\frac{\pi}{N}-9\cos^{2_{\frac{\pi}{N}-}}2\cos 3\frac{\pi}{N}}$ $\sim\frac{92N^{2}}{45\pi^{2}}$ 2072
38
, 8 . 8
, $\Sigma_{\sqrt{m}}u(m=1,2,3)$ 10
21
























$a+b=\underline{1}$ $2b=\underline{1}$ $2b+c= \frac{1}{360}$
20160 ’2160 ’864 ’





, : $\Delta u=f$ 1 ICCG
. , Cholesky .
$L_{2}$ 10-12 ,
. $f$ $u_{1}$ $u_{2}$ .
, $(\mathrm{i})N=N=Nxyz$ $[0,1]^{3}$ $h= \frac{1}{N_{x}-1}=\frac{1}{N_{y}-1}=\frac{1}{N_{z}-1}$
. (ii) , –319 ,
$\infty_{39}\cross N\underline{-1}\frac{N_{y}-1}{39}\cross\sim_{9}N13^{-}$ . , $N_{x},$ $N_{y},$ $N_{z}$ $x,y$ , z
. Dirichlet . , Karlsruhe
Numerikforschung f\"ur Supercomputer Siemens S-600( $\mathrm{F}\mathrm{u}\mathrm{j}\mathrm{i}\mathrm{t}_{\mathrm{S}}\mathrm{u}$ VP-2600)
. 4 (2.25) Lynch (2.24)
. Table 2 Table 4 , 15 (2.25) ,
19 Lynch (2.24) .
$u_{1}$ : $u_{1}(x,y, z)$ $=$ $\sin(\pi x)+\sin(\pi y)+\sin(\pi Z)$
$u_{2}$ : $u_{2}\cdot(x,y, z)$ $=$ $e^{x+y+z}$
.
Table 2 2 4 .
$u_{1}$ . 1.0
. 1/2 g $=$. $( \frac{1}{2})^{2},$ $\frac{1}{16}=(\frac{1}{2})^{4}$
.
Table 2. Maximum errors of the $2\mathrm{n}\mathrm{d}$-order and $4\mathrm{t}\mathrm{h}$-order difference schemes for the
equations with the exact solution $u_{1}$ .
2 4









$1.39\cross 10^{-4} 1.39\cross 10^{-4}$
( ) $( \frac{1}{16.40})$
$17^{3}$ $\frac{1}{16}$ $4.47\cross 10^{-3}$
$( \frac{1}{3.89})^{2}$
$8.66\cross 10^{-6} 8.66\cross 10^{-6}$
( )2 ( )2
Table $3(\mathrm{a}),(\mathrm{b})$ 2 4
L2 . 15 , Lynch 19
.
23
Table $3(\mathrm{a})$ . Maximum errors of the $2\mathrm{n}\mathrm{d}$-order and $4\mathrm{t}\mathrm{h}$-order difference schemes
when the equation is solved by the ICCG method.
$N_{x}\cross N_{u^{\cross}}Nz$
2 4
7 15 19 Lyn$\mathrm{c}h$




$2.45\cross 10^{-7} 2.45\cross 10^{-7}$
$1.42\cross 10^{-8} 369\cross 10^{-9}$




$1.09\cross 10^{-7} 1.09\cross 10^{-7}$
$1.48\cross 10^{-8} 384\cross 10^{-9}$




$2.57\cross 10^{-8} 257\cross 10^{-8}$
$3.34\cross 10^{-8} 868 \cross 10^{-9}$
Table $3(\mathrm{b})$ . Error measured in $\mathrm{L}_{2}$-norm of the $2\mathrm{n}\mathrm{d}$-order and $4\mathrm{t}\mathrm{h}$-order difference
schemes when the equation is solved by the ICCG method.
$N_{x}\mathrm{x}N_{v}\cross N_{z}$
2 4
7 15 19 Lynch




$9.74\cross 10-8 9.74\cross 10-8$





$3.70\cross 10^{-8} 3.70\cross 10^{-8}$
$4.96\cross 10^{-9} 1.29\cross 10^{-9}$




$8.76\cross 10^{-9} 8.76\cross 10^{-9}$
$7.10\cross 10^{-9} 1.84\cross 10^{-9}$
Table 4 ICCG CPU $(\sec)$ .
, 4 15 19 ICCG 7
, $(\mathrm{a})15$
(b)Lynch 19 . , (a)
(b) (i) , (ii)
. Table 4 ,
$(N_{x}, N_{y}, N_{z})$ $(40, 40, 40),$ $(80,40,20),$ $(160,40,10)$ , (a)
320, 356, 278 , (b) 267, 291, 237
.




7 15 19 L




56 (.712) 58 (.831)
64 (.768) 63 (.948)




62 (.673) 59 (811)





39 (.370) 37 (.541)
40 (.483) 38 (.514)
4.2 $|6$
Table 5 2 6 .
$u_{1}$ . , Table 1 Lynch (vi)
(ii) . 1.0
. 1/2 M $=( \frac{1}{2})^{2}$ ,
$\frac{1}{64}=(\frac{1}{2})^{6}$ .
Table 5. Maximum errors of the $2\mathrm{n}\mathrm{d}$-order and $6\mathrm{t}\mathrm{h}$-order difference schemes
















$6.63\cross 10^{-10} 6.63\cross 10^{-10}$
$( \frac{1}{64.9})^{2} (\frac{1}{64.9})^{2}$
(ii) Lynch ($\mathrm{v}\mathrm{i}\rangle$ $\mathrm{L}_{2}$ Table
6 . (vi) . ,
$10^{-12}$ .
, Lynch (vi) 1.0 , $u_{1},$ $u_{2}$ ,
0.9933\sim 10084, $L_{2}$ 0.99997\sim 100012
. , Lynch (vi)
. , $40^{3}$ .
Table 6. Maximum and $\mathrm{L}_{2}$-norm errors of the $6\mathrm{t}\mathrm{h}$-order difference schemes
when $N_{x}=N_{y^{=}}N_{z}=40$ .
25
: $u_{1}$ : $u_{2}$








Table 7 ICCG CPU $(\sec)$ .
Table 6 . , 6 ICCG
7 ,
(ii) Lynch (vi) . , Table 1
7 . ,
.









31 (.203) 31 (.203)
33 (.214) 33 (.214)




59 (.963) 59 (.963)
60 (1.03) 60 (1.03)




61 (1.23) 61 (1.23)
56 (1.14) 56 (1.14)
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